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Feedback Control of a Biodynamical Model of HIV-1
Michael E. Brandt*, Member, IEEE,and Guanrong Chen, Fellow, IEEE

Abstract—We describe a continuous differential equation model
of the interaction dynamics of HIV-1 and CD4 and CD8 lympho-
cytes in the human body. We demonstrate several methods of stable
control of the HIV-1 population using an external feedback control
term that is analogous to the introduction of a therapeutic drug
regimen. We also show how the immune system components can be
bolstered against the virus through a feedback control approach.

Index Terms—Antiretroviral therapy, feedback control, HIV in-
fection, nonlinear modeling.

I. INTRODUCTION

OVER the last several years, significant progress has been
made in our understanding of the pathogenesis of human

HIV infection [1]. The insights derived from research have led
to new therapeutic paradigms including “highly active antiretro-
viral therapy” (HAART) drug regimens. In HAART, three or
more antiretroviral agents are taken in combination by the pa-
tient, often up to three times daily [2]–[4]. Currently, there are
15 FDA-approved medications available for HIV infection.

During the primary infection of HIV, large numbers of cells
in the body are rapidly affected which leads to high titers of in-
fectious virions measured in blood plasma [5]. These titers have
been known to be as high as 10/ml of plasma [6]. Following
the primary infection, the number of infectious virus particles
in plasma drops to almost undetectable levels as virus-specific
immunity develops in the host [7]. Despite this precipitous drop
of virus in the blood, it is now known that HIV replication con-
tinues unchecked within the lymphatic system [8], [9] and pos-
sibly in other tissues such as the nervous system contributing to
a latent stage of infection.

HIV-1 (the predominant HIV strain in the West), is a highly
dynamic disease [10], [11]. It is estimated that as many as
HIV-1 virions are produced and destroyed in an infected indi-
vidual each day [12]. This is coupled with the production and
destruction of approximately 2 10 CD4 immune system
lymphocytes (the main target of the virus)/day. The half-life of
HIV-1 in plasma is on the order of minutes to 1 day. The main
hallmark of HIV infection leading to full-blown AIDS is high
levels of virus in the blood together with decreasing numbers of
CD4 lymphocytes [13].

There is a second, slower phase of infection with a half-life
of approximately 14 days, followed by a third phase of infection
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with a half-life of about 5–6 months [14]. There may even be ad-
ditional hidden reservoirs of virus, such as in the central nervous
system that contribute to an even slower disease phase. These
additional phases of infection make complete eradication of the
virus from the body all but impossible with currently available
therapies. Furthermore, the constant turnover of the virus popu-
lation under therapeutic pressure drives genetic mutation of the
virus which provides a mechanism for the rapid evolution of
drug resistant strains [15]. Thus, current treatment guidelines
require the use of aggressive adherence to HAART in order to
keep the levels of virus measured in plasma as low as possible.

Adherence to HAART however, is a significant
problem—many patients have trouble with the dosing re-
quirements and side-effects of such therapy can be severe.
A regimen that could reduce dosage requirements while
maintaining control over viral plasma levels might not only
increase patient adherence but the overall health of the patient
by reducing side effects. In the following, we describe a non-
linear continuous differential equation model of the interaction
dynamics of HIV-1, and CD4 and CD8 lymphocyte counts
in the body. Using this model, we perform studies to simulate a
therapeutic drug regimen based on time-delay feedback control
to suppress the virus to undetectable levels.

II. DESCRIPTION OF THEMODEL

The nonlinear dynamical model of HIV-1 is a predator–prey
model in the form [16]

(1)

where
CD4 lymphocyte population;
normal, unperturbed CD4 count;
CD8 lymphocyte population;
normal, unperturbed CD8 count;
HIV-1 viral load;

– parameters.
Several facts are known concerning the interaction of the HIV-1
virus and the immune lymphocytes CD4 and CD8:

1) HIV-1 utilizes CD4 cells to replicate itself, and their
growth rates are inversely proportional.

2) The growth rate of CD8 cells increase in response to in-
creased HIV-1 load, and CD8 cells attack the virus.

3) The growth rate of HIV-1 increase with increased growth
in the HIV-1 and CD4 populations.

4) The growth rate of HIV-1 decreases with decreased
growth in the HIV-1 and CD4 populations.
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In principle, the parametersand are controlled by HIV-1,
and , , , and are subject to manipulation in an effort to re-
duce the viral load. The goal of this study is to explore various
options for controlling the virus production rate using feedback
control strategies. In such strategies, state variables which are
periodically sampled, are used to vary the treatment regimen on
an ongoing basis. This control method is reminiscent of target
tracking in general, an example of which is thermostatic regu-
lation.

III. M ETHOD AND RESULTS

The system (1) has two equilibrium points. The first corre-
sponds to the unstable point , , . The
second equilibrium point can be determined by noting that

(2)

With , algebraic manipulation of these three relations
yields

(3)

One observes from these relations that the internal dynamics of
are largely determined by the parametersand ( will

decrease if is increased at the expense of). Note that can
also be decreased by increasingand and/or by decreasing
and (of these only is virus-dependent).

One can also introduce an external control agent (e.g., an an-
tiretroviral drug agent),

(4)

to reduce the viral load. A logical first choice for would be a
positive constant. This would correspond to giving the patient a
constant drug dosage. We experimented with this idea by using
numerous constants in the range . None of the
constants tried in simulations were successful in reducing the
viral load significantly. We then experimented with state feed-
back control. A simple choice for such a control is a feedback
term of the form

(5)

with a constant. With this choice the system becomes simple
autonomous. Therefore, the Lyapunov first method applies [17],
giving the system Jacobian at the fixed point

Fig. 1. Simulation of the model (1) without control. Solid line: HIV-1. Dashed
line: CD8. Dotted line: CD4.

whose eigenvalues are

If we choose the control gain then local
stability of the controlled system about the equilibrium point

is guaranteed.
In order to apply feedback control of the state variables (, ,

and/or ) in a real patient they must be sampled from the blood
in a periodic fashion. Realistically, such sampling can only take
place at a minimum rate of about once per month (usually more
like once every three months) due to the costs involved, incon-
venience of the patient, etc. Based on this, a feedback controller
should be implemented using a digital sampler and zero-order
hold [17]. For the continuous controller this becomes

for (6)

with the sampling period, and 1, 2, 3, . The sta-
bility of this controller is dependent on the sampling period em-
ployed. A sensible approach to the design would be to minimize
the mean square difference between the system under contin-
uous control , and the system under discrete control
at the sampling instants . This can be done by first de-
signing the continuous controller , then using a with
similar gain for various settings of to achieve stable control
( as ). We present simulated examples of this in
what follows.

The model was simulated in the IDL language using a fifth-
order Runge–Kutta approach [18] with adaptive stepsize equal
to 1 week. Fig. 1 shows a simulation of a realistic case using the
following values: 1000 cells/mm, 550 cells/mm,

0.25, 50.0, 0.25, 10.0, 0.01, 0.006,
and the initial conditions , , and 300 virus
copies/ml at 0 (time of initial infection). Some important
features of this time history are the damped oscillatory nature
of the two lymphocyte populations with approximately opposite
phases, and the behavior of the viral load which consists of an
initial rapid rise and fall followed by a (different) oscillatory
behavior.
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Fig. 2(a) shows the simulation using (4) and the continuous
controller

for year
for year.

(7)

For the initial conditions used in Fig. 1, 6.7 for
years. It can be seen that the viral load is reduced

almostto zero during the period that . Note that the viral
load spikes up again after the control is turned off with the peak
occurring in year 12. Even though stability of control is guaran-
teed for , values of down to about 6.0 are capable of ef-
fecting the same functional control ofto very low levels. This
is because the critical value 6.7 is only sufficient but may not
be necessary, as is well known from the Lyapunov first method.
Fig. 2(b) shows results of the simulation using the digitally re-
designed controller

for year
for year

(8)

with eight weeks and . Note that this con-
troller, even with a lower gain, performs as well as the contin-
uous controller in Fig. 2(a). Fig. 2(c) shows the simulation re-
sults using for year, 1, 2, 3,

, and 12 weeks. This example demonstrates that even a
lower gain and a longer sampling period can achieve the goal of
viral control.

In actual practice it may not be possible to accurately mea-
sure the parameters, , , and/or . This begs the question
of whether there are other possibilities forwhich might yield
more efficient or easily implementable controls. We considered
for example the following continuous time-delay feedback con-
troller, which is a generalization of (5):

(9)

with constant, is an integer number of terms in the summa-
tion, and is a small time delay (e.g., a day or a week). Since
use of this controller leads to a nonautonomous system (it is infi-
nite-dimensional in nature), a rigorous stability analysis should
be carried out using the second Lyapunov method. For this pur-
pose, using a simple nonsingular linear transformation,

where

the uncontrolled system (1) is

and the controlled system (1), (4), (9) can be rewritten as

(10)

Fig. 2. Simulation of the model equations (1) and (4) with (a) continuous
controllerU = 6:7z, (b) digitally redesigned controllerU(kt ) = 6:0z(kt )
with t = 8 weeks, and (c) digitally redesigned controllerU(kt ) = 5:0z(kt )
with t = 12 weeks. Control turned on att = 1 year, turned off att = 9 year.
All other parameters as in Fig. 1. Solid line: HIV-1. Dashed line: CD8. Dotted
line: CD4.

which has a zero equilibrium point, corresponding to the orig-
inal equilibrium point of interest, with the notation

(11)

where , so that here
and in what follows below.

We now prove a local stability result. In order to simplify the
notation in the following discussion and derivation, we state and
prove the result for the case of a single delay only [ 1 in
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(9)]. On the one hand, this type of stability analysis is standard
(thus, is not a focus of this paper). On the other hand, while
the multiple delay case is indeed notationally more complicated
than that of the single delay case, there is no qualitative differ-
ence between the two.

Theorem 1: Let represent the constant Jacobian matrix of
the controlled system (1), (4), (9), evaluated at the equilibrium
point of interest. If there is a positive definite and symmetric
constant matrix and a positive constant control gainsuch
that the following Riccati polynomial matrix:

(12)

is either zero or (semi)-negative definite (i.e., ), then when
is small enough, it will always approach zero:

as .
Proof: We use the Lyapunov function

(13)

Since zero is an equilibrium point of , we have a Taylor
expansion , where are
higher-order terms in . Thus, we have

small

To this end, verification using the standard class-function ar-
gument [19] of this quadratic form of the Lyapunov function for
the time-delay controlled system completes the proof of the the-
orem.

The corresponding digitally redesigned controller is

(14)

with and 1, 2, 3, as before. Simulations con-
firm the stability of this delayed feedback digital-type controller.

Fig. 3. Simulation of the model equations (1) and (4) with controlU(kt ) =
1:8[z(kt ) + z(t [k � 1])], t = 6 weeks. Control turned on att = 1 year,
off at t = 9 year. All other parameters as in Fig. 1. Solid line: HIV-1. Dashed
line: CD8. Dotted line: CD4.

Fig. 4. Simulation of the model equations (1) and (4) with controlU(kt ) =
4[(x(kt )z(kt ))=y(kt )], t = 12 weeks. Control turned on att = 1 year,
off at t = 9 years. All other parameters as in Fig. 1. Solid line: HIV-1. Dashed
line: CD8. Dotted line: CD4.

Fig. 3 is an example of use of controller (14) with 1.8,
2, and 6 weeks. The control is turned on at the end

of year 1 and off at the beginning of year 9. The results show
that the virus is reduced to almost zero as in the previous sim-
ulations. This controller would be analogous to a therapeutic
regimen consisting of giving the patient a drug that is propor-
tional to the viral load measured recently (within the last few
days) and 6 weeks prior to that.

Another effective controller utilizes all three state variables
( ) at once and entails the following relation:

(15)

This design is less practical than that of (14) since all three state
variables must be measured (patient CD8 cell counts are not cur-
rently routinely acquired). We present it as a fallback design if
the previous designs prove ineffective. Fig. 4 shows an example
of the use of this controller with 1, 4 and 12
weeks which achieves the control goal almost identically to the
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Fig. 5. Simulation of the model equations (1) and (4) with parameter feedback
controlf(t [k+1]) = f(kt )+ 4[(x(kt )z(kt ))=y(kt )], t = 12 weeks.
Control turned on att = 1 year, off att = 9 year. All other parameters as in
Fig. 1. Solid line: HIV-1. Dashed line: CD8. Dotted line: CD4.

use of controller (14). Along similar lines, we explored the use
of the following parameter feedback controller:

(16)

in an effort to boost which represents an alternative drug
regimen strategy. Fig. 5 is a simple example of the use of this
controller with 1, 4, and 12 weeks. In this
case the control strategy is not as effective as the previous
feedback controllers (increases and plateaus at about 16 000
copies/ml during year seven before the control is turned off
in year nine) but can still be observed to hold promise as a
therapeutic drug regimen. We furthermore tested a number of
feedback controllers using alone or and in combination.
All were either ineffective at achieving viral suppression or
were unstable.

IV. CONCLUSION

We described several methods based on time-delay feedback
control for stabilizing a model of HIV-1 infection. We found
three highly effective controllers based on linear time delay
feedback and one somewhat less effective one based on pa-
rameter time-delay feedback control. The control examples pre-
sented here were intended to provide some general guidelines
that may prove helpful to clinicians and the pharmaceutical in-
dustry. The digital redesign of the continuous feedback con-
trollers proposed here and embodied in equations (14)–(16) was
based largely on empirical testing to determine how closely the
performance of the redesigned controllers matched that of the
continuous controllers. It should be pointed out that the stability
of the redesigned controllers is dependent on the value ofwith
longer values generally associated with less stable control.

The key notion behind these simulations is that feedback con-
trol based on periodic sampling of viral load and lymphocyte
counts uses a “target tracking” approach (the controlis pro-
portional to the viral load ). Thus, the model demonstrates an

important advantage of this regimen design: once the virus is
controlled to very low levels the drug dosage can be reduced
proportionately. Under such circumstances side effects of the
therapy will also be reduced. The potential success of this ap-
proach is the periodic modification of the antiretroviral treat-
ment regimen similar in some ways to the infusion pump con-
trol of insulin levels in the juvenile diabetic. Perhaps in time this
will lead to the development of a similar automated device for
this purpose.
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